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In this paper we study energy centroids such as those with fixed spin and isospin, those with
fixed irreducible representations for both bosons and fermions, in the presence of random two-body
and/or three-body interactions. Our results show that regularities of energy centroids of fixed spin
states reported in earlier works are very robust in these more complicated cases. We suggest that
these behaviors might be intrinsic features of quantum many-body systems interacting by random
forces.
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I. INTRODUCTION
In 1998 Johnson, Bertsch and Dean obtained a prepon-
derance of spinparity = 0+ ground states for even-even
nuclei in the presence of random two-body interactions
[1]. Since then, there have been a lot of efforts towards
understanding this observation. Studies along this line
were reviewed in Refs. [2, 3].
Although recently there were progresses [4, 5, 6] in
evaluation of ground state energies, finding the ground
state by a simple approach is usually difficult in the pres-
ence of random interactions. Thus one may study other
quantities which are relatively simple. Along this line,
much attention [7-13] has been paid to spin I energy
centroids (defined by the average energy of spin I states
and denoted by EI). Main results are reviewed briefly as
below.
(1) From numerical experiments by using the TBRE,
it was found in Ref. [8] that EI ’s with I ≃ Imin or
I ≃ Imax have large probabilities to be the lowest while
those with other I have very small probabilities to be the
lowest. Roughly speaking, there are ∼ 50% of the cases
for which EI with I ≃ Imin (I ≃ Imax) is the lowest. We
define 〈EI〉min (〈EI〉max) as the value obtained by aver-
aging EI over the subset where EI≃Imin (EI≃Imax) is the
lowest energy. Ref. [8] also demonstrated that 〈EI〉min ≃
CI(I + 1) and 〈EI〉max ≃ C [Imax(Imax + 1)− I(I + 1)],
where the value of coefficient C depends on the active
single-particle orbits and the choice of the ensemble. We
have studied cases of single-j shell configurations as well
as many-j shell configurations in which shells are de-
∗Electronic address: ymzhao@sjtu.edu.cn
noted by j1, j2, · · ·, etc. For the TBRE, C ≃ 1/(4
∑
i j
2
i ).
The regularities of EI were argued in Ref. [8] by as-
suming that two-body coefficients of fractional parent-
age (cfp’s) behave like randomly, and the behavior of
〈EI〉min ≃ CI(I +1) was reproduced for four fermions in
a j = 17/2 shell under this simple assumption.
The above regularities of EI which are stable for single-
closed shell (both single-j and many-j shells) were found
in Ref. [9] to be robust even for many-j shells where each
orbit can have positive or negative parity and for systems
with isospins. For cases of nucleons in many-j shells (dif-
ferent j can have different parity), the value of coefficient
C± in the relation 〈EI±〉min ≃ C±I±(I±+1) are sensitive
to the j values but not to parity or isospin. Very recently,
one of the authors of the present paper, Kota, studied in
Ref. [10] energy centroids with fixed irreducible repre-
sentations of some of the group symmetries of the inter-
acting boson models [14, 15] such as the sd interacting
boson model (IBM), the sd IBM with isospin, etc. It was
found that the lowest and highest irreducible representa-
tions carry most of the probability for the corresponding
centroids to be the lowest in energy. This is a general-
ization of results found numerically in Refs. [8, 9].
(2) Mulhall, Volya, and Zelevinsky assumed in Ref.
[11] the geometric chaos (quasi-randomness in the process
of angular momentum couplings) and derived a linear
relation between EI and I(I + 1); The same result was
derived in Ref. [12] by resorting to the group structure
of U(2j+1) ⊃ O(3) for n fermions in a single-j shell. Let
us define single-j Hamiltonian
H = −
∑
J
GJ
√
2J + 1
2
((
a†ja
†
j
)(J)
× (a˜j a˜j)(J)
)(0)
.
(1)
2The formula of EI of Refs. [11, 12] was written as follows,
EI =
∑
J
(2J + 1)GJ
(
n
2j + 1
)2
+ I(I + 1)
∑
J
(2J + 1)
3(J(J + 1)− 2j(j + 1))
2j2(j + 1)2(2j + 1)2
GJ
+ O(I2(I + 1)2), (2)
where O(I2(I +1)2) refers to higher I terms which seem
negligible. The first term of this formula is a con-
stant independent of I. The second term of Eq. (2)
is proportional to I(I + 1). Thus we have the relation
EI ≃ E0+CI(I+1). However, the value of coefficient C
thus obtained was found in Ref. [9] to be systematically
smaller than those obtained by the TBRE or empirical
formula C ≃ 1/(4j2); and furthermore, even for systems
in which one cannot assume randomness of the geomet-
ric chaos or randomness of the cfp’s, a similar pattern
was found to occur. Therefore, the arguments of Refs.
[8, 11, 12] are just part of the full story and a sound un-
derstanding is not yet available. It is interesting to note
that one can obtain the I(I +1) term of Eq. (2) with an
additional factor of 12 when one transforms the single-j
hamiltonian of Eq. (1) into its particle-hole form via the
Pandya transformation.
The purpose of this paper is as follows. First, we dis-
cuss energy centroids with fixed spin I and isospin T ,
denoted by EI,T ’s. Although Ref. [9] discussed EI ’s for
systems with isospin, EI ’s with different isospin T were
mixed. Second, we study a Hamiltonian with random
three-body interactions for sd bosons, while earlier works
studied the property of EI ’s by using random two-body
interactions. Third, we study E{f} with a fixed irre-
ducible representation {f}, as an extension of the work
in Ref. [10]. These results are discussed by using propa-
gation equations.
This paper is organized as follows. In Sec. II, we
discuss results of EI,T ’s (energy centroids of states with
given spin I and isospin T ) and ET ’s (energy centroids of
states with given isospin T ) for proton and neutron sys-
tems, where one will see that EI,T ’s are approximately
linear in terms of I(I +1) and that ET is precisely linear
in terms of T (T + 1). In Sec. III, we present results of
EI with random three-body interactions for sd bosons,
where one sees that regularities of energy centroids of spin
I states under random three-body interactions are very
similar to those under two-body interactions. In Sec. IV,
we discuss our results of energy centroids with fixed ir-
reducible representations, where one will see that energy
centroids with lowest and highest irreducible representa-
tions carry most of the probability to be the lowest. In
Sec. V we discuss and summarize the results obtained in
the present work. In Appendix A we present a few for-
mulas which are useful in deriving propagation equations
of this paper.
In this paper we take the Two-body Random Ensem-
ble (TBRE) for two-body matrix elements, with the same
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FIG. 1: Probability that an energy centroid EI,T is the low-
est. One sees that this probability is large only when I and T
are close to minimum or maximum. Note that the Imax value
for large T becomes smaller as T increases, and that for 12
nucleons in the sd shell only I = 0 is possible when T = 6.
definition given in Ref. [2]. For three-body random in-
teractions for sd boson Hamiltonian, we take the same
definition given in Ref. [16]; in Appendix B we present
the definition of three-body Hamiltonian for sd bosons,
for the sake of convenience.
II. ENERGY CENTROIDS OF SPIN I AND
ISOSPIN T STATES
In this Section we investigate regularities of EI,T . Our
EI,T values are obtained by using EI of all systems with
Np valence protons and Nn valence neutrons under the
requirement Np + Nn = N . We first obtain number
of states with fixed I and T , denoted by DIT , which
is given by DI(Np =
n+2T
2 , Nn =
n−2T
2 ) − DI(Np =
n+2T+2
2 , Nn =
n−2T−2
2 ) where DI is the number of
spin I states with TZ = (Np − Nn)/2. We denote
EI(Np =
n+2T
2 , Nn =
n−2T
2 ) by E
TZ=T
I , and DI(Np =
n+2T
2 , Nn =
n−2T
2 ) by D
TZ=T
I . Using these E
TZ=T
I and
DTZ=TI , we can write EI,T explicitly as follows.
EI,T =
(
ETZ=TI ×DTZ=TI − ETZ=T+1I ×DTZ=T+1I
)
/DIT .
We have obtained EI,T based on EI ’s of systems with
N = 12 (Np = 6, 7, · · ·12, Np +Nn = 12) and those with
N = 8 (Np = 4, 5, · · · 8, Np + Nn = 8) in the sd shell.
In Fig. 1 we present out results of P(I, T ) which is the
probability that the lowest energy centroid has spin I and
isospin T . One easily notices that P(I, T ) is sizable only
when both I and T are close to their minimum or maxi-
mum values. To see this more clearly, we list in Table I
3TABLE I:
∑
I
P(I, T ) for eight and twelve particles in the sd
shell. One sees that
∑
I
P(I, T ) is very small when the value
of T is not close to Tmin or Tmax. We define ET =
∑
I
(2I +
1)EI,TDIT /
(∑
I
(2I + 1)DIT
)
and P(T ) be the probability
for ET to be the lowest in energy, and note here that P(T )
does not equal
∑
I
P(I, T ).
T 0 1 2 3 4 5 6
N = 8
47.1 11.0 5.5 2.2 34.2
N = 12
57.9 0.8 0.5 4.9 0.5 13.6 21.8
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FIG. 2: 〈EIT 〉min versus I(I + 1) values. Here 〈EIT 〉min are
obtained by averaging the EIT over the cases in which the
lowest EIT has I = 0, 1 and T = 0. One sees that 〈EIT 〉min
is proportional to I(I + 1) approximately, and that 〈EIT 〉min
with different T values are different: those with larger T being
systematically higher.
the values of
∑
I P(I, T ), where we see that
∑
I P(I, T )
is very small when the value of T is not close to its mini-
mum or maximum value. We note here that
∑
I P(I, T )
does not equal P(T ), the probability that ET (the energy
centroid of all states with isospin T ) is the lowest.
The feature that
∑
I P(I, T ) is large only when T and
I are close to their minimum or maximum values is very
similar to that of P(I) discussed in Refs. [8, 9], and more
generally, to that of P(λ) discussed in Ref. [10] where λ
denotes irreducible representation of states in interacting
boson models suggested in Refs. [14, 15].
As in earlier works, we investigate here the relation
〈EI〉min ∝ I(I + 1), where 〈EI〉min is obtained by av-
eraging EI over the cases of the ensemble in which
EI (I ∼ Imin) is the lowest in energy. From Fig. 2, one
sees that this relation is very robust with inclusion of the
isospin degree of freedom T , i.e., 〈EI,T 〉min ∝ I(I+1). A
new and interesting observation here is that the 〈EI,T 〉min
results, which are obtained by averaging over the case in
which EIT (I ∼ Imin, T ∼ Tmin) is the lowest energy, can
be classified according to their T values: the values of
〈EI,T 〉min with larger T are systematically higher.
As we will show later, closer inspection of our
calculated results confirms that ET =
∑
I(2I +
1)EI,TDIT / (
∑
I(2I + 1)DIT ) = E0+CT (T+1) for each
individual run, which was shown by French many years
ago [17, 18]. DT =
∑
I(2I+1)DIT . Note that the (2I+1)
factor is essential for proper definition of fixed-T cen-
troids.
Below we discuss fixed-T centroids by propagation
equations. With nucleons occupying say (j1, j2, . . .) or-
bits, the spectrum generating algebra is U(N ), N =∑
i 2(2ji+1) with the factor 2 appearing due to isospin.
For n nucleons with isospin T , the T quantum number
labels the irreducible representations (irreps) of SU(2) al-
gebra that appears in the direct product (space-isospin)
subalgebra U(N/2)⊗SU(2) of U(N ). Then the irreps of
U(N/2) are completely specified by (n, T ). A one plus
two-body hamiltonian H = h(1)+V (2), which preserves
angular momentum and isospin is defined by the single
particle energies (spe) ǫi and by the two-body matrix ele-
ments V Jtijkl = 〈(kl)Jt | V (2) | (ij)Jt〉, where |(ij)Jt〉 are
anti-symmetrized two particle states. With H = h(1) +
V (2), ET are polynomials in the scalars particle number
n and T (T + 1): ET = a0 + a1 n + a2n
2 + a3T (T + 1);
see Refs. [17, 18]. Solving for the ai’s using E(n,T ) for
n ≤ 2, one obtains the following propagation formula
ET = n〈h(1)〉1, 12
+
{
n(n+ 2)
8
− T (T + 1)
2
}
〈V (2)〉2,0
+
{
3n(n− 2)
8
+
T (T + 1)
2
}
〈V (2)〉2,1 (3)
with
〈h(1)〉1, 12 = 1N
∑
i
2(2ji + 1)ǫi ,
〈V (2)〉2,t = 1
Dt
∑
i≥j;J
V Jtijij(2J + 1) .
From Eq. (3), ETmax − ET = 12{〈V (2)〉2,1 −
〈V (2)〉2,0} {Tmax(Tmax+1)−T (T +1)}. With the inter-
action matrix elements V J,tijij chosen to be zero centered
independent Gaussian random variables, ground states
will have T = 0 or Tmax, with 50% probability for each
of them.
III. ENERGY CENTROIDS OF SPIN I STATES
UNDER RANDOM THREE-BODY
INTERACTIONS
The outcome of random three-body interactions for sd
bosons was first studied by Bijker and Frank in Ref. [16],
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FIG. 3: (a) P(I) with pure random three-body interactions
for sd boson systems. One sees that P(I) is large when I
equals Imax and Imin. P(I) also exhibits an odd-even stag-
gering: P(I) is relatively large for odd I values and small
for even I values. (b) EI versus I(I + 1). One sees that
EI ≃ E0 + CI(I + 1) for sd bosons with three body random
interactions. In this figure the total boson number n is 7.
Similar results are obtained for n = 6− 20.
where it was found that the inclusion of random three-
body interactions does not drastically change the pattern
of spin I distribution in the ground states, in comparison
with the results calculated by using random two-body in-
teractions, if boson number n is much larger than three.
In this section we study whether or not the pattern of
EI becomes different if one includes random three-body
interactions. To highlight the feature of EI with three-
body part, we use a Hamiltonian with only three-body
interactions defined in Appendix B. The three-body in-
teraction parameters are chosen to be random and follow
the Gaussian distribution.
Figure 3(a) is a typical example of probability (de-
noted by P(I)) for EI to be the lowest with pure ran-
dom three-body interactions of seven sd boson systems.
Interestingly but as expected, one sees that P(I) is large
when I ∼ 0 or I ∼ Imax. One also sees a very appar-
ent odd-even staggering of P(I) values, i.e., P(I) is large
when I is odd and relatively smaller when I is even. This
behavior was also noticed and discussed in Ref. [8] when
only the TBRE was used.
Figure 3(b) presents 〈EI〉min versus I(I + 1) for seven
sd bosons. A linear correlation between 〈EI〉min and
I(I + 1) can be easily seen.
A difference between 〈EI〉min under the TBRE and
that obtained by using random three-body interactions is
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FIG. 4: The value of C in the relation 〈EI〉min ≃ CI(I + 1)
for sd-boson systems versus boson number n. We see that the
value of C is approximately proportional to particle number
n.
found when one studies the correlation 〈EI〉min = CI(I+
1) for sd-boson systems with different particle number n.
For the case by using the TBRE, the value of coefficient
C is not sensitive to particle number n but sensitive to
the single-particle levels in which the valence particles are
active; for systems in which one takes random three-body
interactions, the situation becomes different. In Fig. 4
we see that the value of C increases with boson number
n linearly with small fluctuations.
Now let us investigate the energy centroids of spin I
states by using propagation equations for random three-
body interactions. In order to understand the particle
number dependence seen in Fig. 4, we consider spin I
centroids EI generated by random three-body hamilto-
nians for identical nucleons in a single-j shell. Firstly
EI ’s correspond to averages over the space defined by
the irreps n and I of U(2j + 1) and SO(3) respectively
in U(2j + 1) ⊃ SO(3). We start with the approximate
formula (see Eq. (7) in Ref. [12]),
EI =
[
〈H(3)〉n − 3
2
〈I2z H˜(3)〉n
〈I2z 〉n
]
+
1
2
〈I2z H˜(3)〉n
[〈I2z 〉n]2
I(I + 1) (4)
which should be valid for j >> n >> 3. In Eq. (4),
〈H(3)〉n is the average ofH over n particle space and H˜ is
H with the average part removed (this is made more clear
ahead). Denoting three particle antisymmetric states by
|(j)3;αI〉 with α being the extra label required to com-
pletely specify the states, diagonal 3-particle matrix ele-
ments of H(3) are GαJ = 〈(j)3;αJ | H(3) | (j)3;αJ〉.
5To proceed further it is necessary to consider the ten-
sorial decomposition of I2 and H operators with re-
spect to U(2j + 1) and the tensors are denoted by ν
[17, 18]. A general k-body operator will have ν = 0,
1, . . ., k parts. However for a single j shell the ν = 1
part will be zero. Thus I2 = (I2)ν=0 + (I2)ν=2 and
H(3) = Hν=0(3) +Hν=2(3) + Hν=3(3). The 〈H〉n and
〈I2z 〉n = 13 〈I2〉n are generated by the ν = 0 parts, and
〈I2z 〉n =
1
3
〈I2〉n
=
1
6
n(2j + 1− n)(j + 1) ≃ n
3
j(j + 1) . (5)
Note that H˜ = H − Hν=0, and 〈I2H˜(3)〉n =
〈(I2)ν=2Hν=2(3)〉n = 〈(I2)ν=2H(3)〉n. It should be rec-
ognized [17] that Hν=2(3) = (nˆ− 2)F ν=2(2), where F is
a two-body operator with rank ν = 2 and nˆ is number
operator. For our purpose, it is not necessary to know
the exact form of the F operator. The propagation equa-
tion for the n particle average 〈(I2)ν=2F ν=2(2)〉n is well
known (see for example Eq. (A2) of Ref. [12]). Using
this we obtain
〈(I2)ν=2H(3)〉n = n(n− 1)(n− 2)(2j + 1− n)(2j − n)
2(2j − 1)(2j − 2)
× 〈(I2)ν=2F ν=2(2)〉2 . (6)
Putting n = 3 on both sides of Eq. (6), the average
involving F can be eliminated and this gives
〈(I2)ν=2H(3)〉n = n(n− 1)(n− 2)
6(2j − 2)(2j − 3)
(2j + 1− n)(2j − n)〈(I2)ν=2H(3)〉3 . (7)
As given in Ref. [12], (I2)ν=2 = I2− nˆ2 (2j+1− nˆ)(j+1).
Combining Eq. (7) with Eqs. (4) and (5) give the final
formula for E(n,I) with the I(I + 1) term carrying linear
n dependence
E(n,I) ≃ E0
+
3n
2
[∑
α,J{J(J + 1)− 3j(j + 1)}GαJ(2J + 1)
[j(j + 1(2j + 1)]2(2j + 1)
]
× I(I + 1) , (8)
where E0 is a constant determined by GαJ , n and j.
The form of E0 is given in Appendix A. The second term
in Eq. (8) clearly gives a linear n-dependence for C.
This dependence, as seen from the unitary decomposi-
tion, comes from the ν = 2 part of H(3) which in turn is
responsible for the I(I + 1) term.
Similarly, one investigates E(n,I) versus I(I + 1) for
bosons with spin l. Eq. (4) remains the same but
〈I2z 〉n =
1
6
n(2l+ 1 + n)l
〈I2z H˜(3)〉n =
1
3
[
n(n− 1)(n− 2)(2l + 1 + n)(2l + 2 + n)
(2l + 1)(2l+ 2)(2l + 3)(2l+ 4)(2l + 5)
]
×∑
α,L
{L(L+ 1)− 3l(l+ 2)}GαL(2L+ 1) . (9)
Then one obtains
E(n,I) ≃ E′0 + n
6
l2(2l + 1)(2l + 2) · · · (2l + 5)∑
α,L
[L(L+ 1)− 3l(l+ 2)]GαL × I(I + 1) , (10)
where GαL are three-body matrix elements for bosons
with spin l. For d bosons there are five three-body ma-
trices with L = 0, 2, 3, 4 and 6, respectively. By using
Eq.(10), one obtains the value of coefficient C in the re-
lation 〈EI〉min ≃ CI(I + 1) for d boson systems:
C =
√
2
π
6n
l2(2l + 1)(2l+ 2) · · · (2l+ 5)√∑
L
((L(L+ 1)− 3l(l+ 2))(2L+ 1))2
=
√
997π
1680
n ≃ 0.03331n , (11)
where the constant
√
2
pi
comes from the integral
2√
2π
∫ ∞
0
xexp(−x
2
2
) dx .
The value of C obtained by our numerical experiments
(1000 runs of the ensemble with random three-body in-
teractions for d boson systems of n = 6-20) is 0.03499n.
The value of C is therefore reasonably reproduced by the
propagation equation (which predicts C = 0.03331n as
discussed above).
IV. ENERGY CENTROIDS WITH FIXED
IRREDUCIBLE REPRESENTATION
In this section we consider two interesting examples:
(i) energy centroids with fixed irreps of the SUsd(3) ⊕
SUpf(3) limit of sdpf IBM which was mentioned in Ref.
[10]; (ii) energy centroids with fixedWigner’s spin-isospin
supermultiplet SU(4) irreps for (2s1d) shell nuclei.
Let us first consider energy centroids with fixed ir-
reps [nsd(λsdµsd) : npf (λpfµpf )] of [Usd(6) ⊃ SUsd(3)]⊕
[Upf (10) ⊃ SUpf (3)] subalgebra of the spectrum gen-
erating algebra (SGA) Usdpf (16) of sdpf IBM; see Refs.
[19] for details of the SU(3) limit of sdpf IBM. Given a
one plus two-body sdpf hamiltonian, with boson number
n = nsd + npf where nsd and npf are number of bosons
in sd and pf orbits, the propagation equation for energy
centroids can be written as
Ensd(λsdµsd) :npf (λpfµpf )
6= a0 + a1nsd + a2npf + a3
(
nsd
2
)
+ a4
(
npf
2
)
+a5nsdnpf + a6C2(λsdµsd) + a7C2(λpfµpf ) , (12)
where C2({f}) in this section denotes the eigenvalue of
the quadratic Casimir invariant of a given irrep {f}. For
irreps (λµ) of SU(3) it is given by C2(λµ) = λ
2 + µ2 +
λµ + 3(λ + µ). The final propagation equation can be
obtained by solving for the ai’s in terms of the centroids
with n ≤ 2. We give this equation in the Appendix A.
In order to calculate energy centroids using Eq. (13),
the reductions nsd → (λsdµsd) and npf → (λpfµpf ) are
needed. For sd bosons the reductions are well known
[14, 15] and for the pf system the reductions are ob-
tained using the method given in Ref. [20]. Following
the results for sdIBM-T and sdIBM-ST energy centroids
given in Ref. [10], we consider the basic energy cen-
troids 〈H〉nsd(λsdµsd):npf (λpfµpf ) with n ≤ 2 as indepen-
dent zero centered (with unit variance) Gaussian random
variables, instead of considering the single-particle en-
ergies and two-body matrix elements in sdpf space as
random variables.
With 1000 samples, the probabilities for the energy
centroid with a given [nsd(λsdµsd) : npf (λpfµpf )] irrep
to be lowest are calculated for boson numbers n = 8, 9
and 10 and the results are shown in Fig. 5. Firstly it
is seen that the irreps with the lowest and highest nsd
carry most of the probability, about 84%. For each of
the other nsd the probability is 1 − 3%. Moreover for
the lowest and highest nsd, the probability splits into
the lowest and highest SU(3) irreps. For nsd = 0 ob-
viously (λsdµsd) = (00) and the probability for highest
(according to the eigenvalue of the SUpf (3) quadratic
Casimir invariant) SUpf (3) irreps (3n, 0) is ∼ 24% and
for the lowest irreps it is ∼ 19%. The lowest irreps for
npf = n = 8, 9 and 10 are (λpfµpf ) = (00), (30) + (03)
and (00), respectively. Similarly, for nsd = n, the high-
est SUsd(3) irreps are (2n, 0) with probability 24% and
the lowest irreps are (02), (00) and (20) respectively for
nsd = n = 8, 9 and 10 with probability ∼ 17%. Thus
the results in Fig. 5 show that the energy centroids with
the lowest and highest [nsd(λsdµsd) : npf (λpfµpf )] irreps
carry most of the probability just as with I and IT en-
ergy centroids considered in this paper and in many other
examples considered in Refs. [7-12].
Now let us come to the second example, energy cen-
troids with fixed SU(4)− (ST ) irreps for the (2s1d) shell
model. For (2s1d) shell nuclei, spin-ispopin supermulti-
plet SU(4) algebra appears in the direct product subal-
gebra U(6)⊗ SU(4) of U(24) SGA.
We first note that U(6) generates the orbital part and
SU(4) generates spin-isospin (ST ) quantum numbers via
SUST (4) ⊃ SUS(2)⊗SUT (2). For a given number of nu-
cleons n, the allowedU(4) irreps are {f} = {f1, f2, f3, f4}
with f1 ≥ f2 ≥ f3 ≥ f4 ≥ 0, f1 ≤ 6 and f1+f2+f3+f4 =
n and the U(6) irreps, by direct product nature, are {f˜},
the transpose of {f}. It is important to note that the
equivalent SU(4) irreps are {f1 − f4, f2 − f4, f3 − f4}.
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FIG. 5: Probabilities for sdpfIBM centroid energies with
fixed-[nsd(λsdµsd) : npf (λpfµpf )] irreps to be lowest in en-
ergy vs nsd for systems of n = 8, 9 and 10 bosons. For
nsd = 0 (npf = n) and nsd = n (npf = 0) the probabilities
for (λpfµpf ) [(λsdµsd) = (00)] and (λsdµsd) [(λpfµpf ) = (00)]
are shown in the figure. However for 0 < nsd < n, the
probabilities shown are the sum of the probabilities for the
[nsd(λsdµsd) : npf (λpfµpf )] irreps; for each nsd and npf =
n− nsd there are 3− 4 SU(3) irreps but they are not shown
in the figure to avoid clustering of too many points. Filled
circles, squares and stars are joined by lines to guide the eyes.
See text for further details.
With these, from now on we will use U(4) and the ir-
reps {f}. It is well known that a totally symmetric U(4)
irrep {λ} → (ST ) = (λ2 , λ2 ), (λ2 − 1, λ2 − 1), . . ., (00)
or (12 ,
1
2 ). Using this result and expanding a given U(4)
irrep into totally symmetric U(4) irreps will give eas-
ily {f} → (ST ) reductions. Just as the fixed-T energy
centroids propagate, the fixed {f}(ST ) energy centroids
E{f}(ST ) for a one plus two-body hamiltonian propagate
as the available scalars of maximum body rank 2 are 1,
nˆ, nˆ2, C2(U(4)), S
2 and T 2 and the centroids for n ≤ 2
are also six in number. The propagation equation, with
C2({f}) =
∑
i f
2
i + 3f1 + f2 − f3 − 3f4 for U(4) irrep
{f}, was first discussed in Ref. [21] and we present it in
Appendix A, for the sake of convenience.
Just as in the sdpf example, we consider the basic
energy centroids 〈H〉{f}(ST ) with n ≤ 2 as independent
zero centered (with unit variance) Gaussian random vari-
ables, instead of using ǫi and V
Jt
ijkl as random variables,
and study the {f}(ST ) structure of the ground states.
Using 1000 samples, the probability for a given fixed-
{f}(ST ) energy centroid to be lowest in energy is calcu-
lated and the results are shown in Fig. 6 for n = 8, 9,
10 and 12. The probabilities split into three U(4) irreps
(other irreps carry < 1% probability) for n = 8, 9 and
10, and the corresponding (ST ) values are as shown in
Fig. 6. Energy centroids with the lowest and highest
U(4) irreps carry ∼ 25% and ∼ 40%, respectively. The
lowest irreps are {24}, {323} and {3222} respectively for
n = 8, 9 and 10 and the highest irreps are {6, n − 6}.
The third irreps {42}, {54} and {52}, with probability
∼ 32% for n = 8, 9 and 10, are those that carry S = n/2
or T = n/2. Besides these, for n = 10 the irrep [331](00)
carries 3.7% probability. For the mid-shell example with
n = 12 the probabilities split into the lowest {34} and
highest {62} irreps with ∼ 25% and ∼ 75%, respectively.
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FIG. 6: Probabilities for (2s1d) shell centroid energies with
fixed {f}(ST ) irreps to be lowest in energy vs C2({f}). Re-
sults are shown for nucleon numbers n = 8, 9, 10 and 12. The
irreps carrying probability less than 1% are not shown in the
figure. The U(4) irreps {f} for the results in the figure are
given in the text. The corresponding (ST ) values are shown
in the figure as (2S 2T ). Filled circles, filled squares, open
circles and open squares are joined by lines to guide the eyes.
The lowest irrep supports only (ST ) = (00) and the prob-
ability for the highest irrep splits into ∼ 13% and ∼ 62%
for (ST ) = (00) and (12, 0) + (0, 12). A very important
observation from Fig. 6 is that the probability for the en-
ergy centroid with lowest U(4) irrep to be lowest is only
∼ 25% and it should be noted that the corresponding
SU(4) irreps are {0}(00), {1}(12 12 ) and {12}(10) + (01)
for n = 4k, 4k+1 and 4k+2, respectively, with k being a
positive integer. In fact as discussed in Ref. [22], realistic
interactions give ground state wavefunctions having over-
lap of ∼ 90% with these irreps, i.e. very high probability
for α-cluster structure. However detailed calculations in
Ref. [22] showed that random interactions give a very
small probability for α clustering. The same result has
been brought out in a simple and easy manner by the
{f}(ST ) energy centroids.
Finally we point out that the present study extends
easily to (2p1f)-shell nuclei by changing the restriction
f1 ≤ 6 to f1 ≤ 10 in enumerating the U(4) irreps.
V. DISCUSSION AND SUMMARY
In this paper we studied the behavior of energy cen-
troids in the presence of random interactions. First we
show that results of energy centroids are robust regard-
less of inclusion of isospin, based on numerical calcula-
tions. We find that 〈EIT 〉min (and 〈EIT 〉max) values can
be classified according to their T values. The simple re-
lation, ET = E0 + CT (T + 1) for each individual run, is
confirmed and discussed. We see EIT with both neutrons
and protons shows a similar pattern to that of EI with
only identical particles discussed in earlier works.
Second, we find in this paper that for sd boson sys-
tems the feature of EI ’s is robust with inclusion of ran-
dom three-body interactions. Results of P(I), the prob-
ability for EI to be the lowest in energy, and 〈EI〉min
(and 〈EI〉max), obtained by using the TBRE, are also
applicable to those by using random three-body interac-
tions, except that the value of coefficient C in the relation
〈EI〉min ≃ CI(I + 1) increases linearly with boson num-
ber n.
Third, such regular patterns can be generalized to en-
ergy centroids with given irreducible representations of
groups for boson systems as well as fermion systems.
We consider energy centroids with fixed irreps of the
SUsd(3) ⊕ SUpf (3) limit of sdpf IBM, and energy cen-
troids with fixed Wigner’s spin-isospin supermultiplet
SU(4) irreps for (2s1d) shell nuclei. We see that the
lowest and highest irreps {f} carry most of the cases
that EI is the lowest in energy, and the energy centroids
propagate via quadratic Casimir invariants.
The above results, such as energy centroids with fixed
T value, energy centroids of spin I states under random
three-body interactions, energy centroids of fixed irreps
of the IBM models and shell models, are discussed by
using propagation equations.
Our results suggest that behavior of energy centroids
discussed in Refs. [7-12] is a very robust feature for quan-
tum many-body systems interacting by random forces.
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Appendix A Useful formulas in deriving propagation
equations
First we present the detailed result of E0 in Eq. (9) of
Sec. III.
E0 =
 n3
(2j + 1)3
∑
α,J
GαJ (2J + 1)
− 3n
2
2j(j + 1)(2j + 1)3
×
∑
α,J
{J(J + 1)− 3j(j + 1)}GαJ(2J + 1)
 .
Second, we present the propagation equation of energy
centroids with fixed irreps [nsd(λsdµsd) : npf (λpfµpf )] of
[Usd(6) ⊃ SUsd(3)] ⊕ [Upf (10) ⊃ SUpf (3)] subalgebra
of the spectrum generating algebra (SGA) Usdpf (16) of
sdpf IBM. This is obtained by solving ai’s in Eq.(12) by
centroids with n ≤ 2.
Ensd(λsdµsd) :npf (λpfµpf )
= [1− nsd − npf
+
(
nsd
2
)
+
(
npf
2
)
+ nsdnpf
]
E0(00):0(00)
+
[
nsd − 2
(
nsd
2
)
− nsdnpf
]
E1(20):0(00)
+
[
npf − 2
(
npf
2
)
− nsdnpf
]
E0(00):1(30)
+nsdnpfE1(20):1(30)
+
[
−5
9
nsd +
5
9
(
nsd
2
)
+
1
18
C2(λsdµsd)
]
E2(40):0(00)
+
[
5
9
nsd +
4
9
(
nsd
2
)
− 1
18
C2(λsdµsd)
]
E2(02):0(00)
+
[
−3
5
npf +
2
5
(
npf
2
)
+
1
30
C2(λpfµpf )
]
E0(00):2(60)
+
[
3
5
npf +
3
5
(
npf
2
)
− 1
30
C2(λpfµpf )
]
E0(00):2(22) .
(13)
Last, we give the propagation equation for energy cen-
troids with fixed spin-isospin SU(4) irreps for the sd shell
nuclei. This was first discussed in Ref. [21].
E{f}(ST )
=
(
1− 3
2
n+
1
2
n2
)
E{0}(00) +
(
2n− n2)E{1}( 1
2
1
2
)
+
[
−9
8
n+
1
4
n2 +
1
8
C2({f}) + 1
4
S(S + 1)
+
1
4
T (T + 1)
]
E{2}(11)
+
[
−1
8
n+
1
8
C2({f})− 1
4
S(S + 1)
9−1
4
T (T + 1)
]
E{2}(00)
+
[
3
8
n+
1
8
n2 − 1
8
C2({f}) + 1
4
S(S + 1)
− 1
4
T (T + 1)
]
E{12}(10)
+
[
3
8
n+
1
8
n2 − 1
8
C2({f})− 1
4
S(S + 1)
+
1
4
T (T + 1)
]
E{12}(01) . (14)
Appendix B Definition of three-body interactions of
sd bosons
In this Appendix we present the definition of the three-
body Hamiltonian of sd boson systems discussed in Sec.
III. We note that the same definition was taken in Ref.
[16] by Bijker and Frank. Discussions of three-body in-
teractions in the interacting boson model can be found
in Ref.[15].
Our three-body Hamiltonian of sd bosons are given by
H3 =
∑
L=0,2,3,4,6
∑
i≤j
ξLij
P †Li · PLj + P
†
Lj
· PLi
1 + δij
,(15)
where
P †01 =
1
6
(
s†s†s†
)(0)
, P †02 =
1
2
(
s†d†d†
)(0)
,
P †03 =
1
6
(
d†d†d†
)(0)
, P †21 =
1
6
(
s†s†d†
)(2)
,
P †22 =
1
2
(
s†d†d†
)(2)
, P †23 =
1
6
(
d†d†d†
)(2)
,
P †31 =
1
6
(
d†d†d†
)(3)
, P †41 =
1
2
(
s†d†d†
)(4)
,
P †42 =
1
6
(
d†d†d†
)(4)
, P †61 =
1
6
(
d†d†d†
)(6)
. (16)
The coefficients ξLij are random and follow the Gaussian
distribution with their widths given by
〈ξLijξL′
i′j′
〉 = (1 + δLL′δii′δjj′ )/2 . (17)
